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Lens tilt and decentration relative to the corneal axis are two of the factors which cause aberration in human eyes. Although many
techniques have been developed to quantitatively measure these factors, however, they are mostly conﬁned in 2D observations. To extend
the view from 2D to 3D, MR imaging technique becomes a good candidate due to its capability of 3D-image reconstruction and with
fairly good spatial resolution for that purpose. In this study a total of six eyes of six young students at this Institute were examined by
using a 1.5T MRI machine incorporating with a commercial 3-in. surface coil at Taipei Veterans General Hospital. From a 45 ﬂipped
reﬂective mirror, the subject could focus to a target at a distance of 60 cm from the eye for MR imaging in monocular vision. Quadric
surface models were used to ﬁt cornea and lens surfaces in the post image processes. Tilts of the two lens surfaces and the decentration of
lens centre with respect to corneal axis were determined through coordinate transformations. One month later, retest was carried out on
ﬁve of the six subjects. The results show that the average tilts of anterior and posterior lens surfaces, and lens decentration are 3.7 ± 2.5,
3.3 ± 1.4 and 0.11±0.07 mm (H), 0.06 ± 0.38 mm (V), respectively, for the test; 2.1 ± 2.4, 1.9 ± 1.8 and 0.02 ± 0.28 mm (H),
0.45 ± 0.28 mm (V) for the retest. No statistically signiﬁcant diﬀerence (by Wilcoxon Signed Ranks test) is revealed for the tilts of both
lens surfaces (p(/a) = 0.375, p(/p) = 0.225) and for decentration (p(H) = 0.343, p(V) = 0.345) between test and retest in this longitudinal
observation. The surface shapes of the ocular anterior components do not seem to be uniﬁed by only one type but ellipsoid, elliptic
paraboloid, hyperboloid and paraboloid are all possible. Changes in shape type in the ocular anterior components were also found when
measured in a period of one month.
 2006 Elsevier Ltd. All rights reserved.
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Lens tilt and decentration with respect to corneal axis
have already been widely studied in post operative intraoc-
ular lens (IOL) implantation due to the consequent aberra-
tion. Methods for qualitative and/or quantitative
measurements of lens tilt and decentration in post IOL
implantation are quite diverse. Those include computer
modeling (Korynta, Bok, Cendelin, & Michalova, 1999;0042-6989/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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E-mail address: ychang@bme.ym.edu.tw (Y. Chang).Lakshminarayanan, Enoch, Raasch, Crawford, & Nyg-
aard, 1986), photography (Woo & Cullen, 1987), Purkinje
images (Durak, Oner, Kocak, & Kaynak, 2001; Guyton,
Uozato, & Wisnicki, 1990; Kozaki, Tanihara, Yasuda, &
Nagata, 1991; Mutlu, Bilge, Altinsoy, & Yumusak, 1998;
Phillips, Perez-Emmanuelli, Rosskothen, & Koester,
1998), Scheimpﬂug videophotography (Hayashi, Hayashi,
Nakao, & Hayashi, 2001; Sasaki, Sakamoto, Shibata,
Nakaizumi, & Emori, 1989; Wang, Woung, Hu, & Kuo,
1998), and ultrasound biomicroscopy (Loya et al., 2001).
Similarly, natural crystalline lens tilt and decentration in
humans are also reported by using various techniques.
Artal, Guirao, Berrio, and Williams (2001a, 2001b)
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sate various types of aberration, respectively, by measuring
the wave front aberration of the eye and corneal topogra-
phy incorporated with mathematical model. Barry, Bran-
mann, and Dunne (1997) introduced an exact ray-tracing
program to examine the Purkinje images I, III and IV for
calculating the misaligned corneal and lens surfaces as well
as the ocular surface curvature. Using the same method of
Purkinje images, Sokolowska and Thorn (2002) demon-
strated that there are some amounts of lens tilt and decen-
tration in horizontal and vertical directions during
accommodation in 14 young subjects. Recently, lens tilt
in humans with amounts of 0.2 ± 0.8 to temporal side,
and decentration of 0.1 ± 0.1 mm to nasal side have been
demonstrated under relaxation and accommodation in nine
emmetropic subjects with combined techniques of optical
imaging and ultrasonography (Kirschkamp, Dunne, &
Barry, 2004). All these evidences indicate that lens tilt
and decentration with respect to corneal axis actually exist
and cause aberration.
To model the ocular anterior segment, Helmholtz sug-
gested that the ellipse can be used as an approximation
of the normal corneal proﬁle in the nineteenth century
(Lindsay, Smith, & Atchison, 1998). Decades ago, Brown
(1973, 1974) suggested that the lens is conoid and the sur-
faces can be approximated by two ellipses. In his model the
lens geometry was reconstructed from the slit-image pho-
tography. Later, Koretz, Handelman, and Brown (1984)
and Cook and Koretz (1998) also quantitatively described
the lens surfaces with parabolic model, in which images
were also obtained from the slit-image photography. For
cornea, ellipsoidal model was applied in a keratometric
photokeratoscopic study (Guillon, Lydon, & Wilson,
1986). Furthermore, Kasprzak and Jankowska-Kuchta
(1996) and Kasprzak (2000) modeled the ocular anterior
segment by using hyperbolic cosine function. Another
approximation for both corneal and lens surfaces by spher-
ical model was also reported (Bennett & Rabbets, 1992a).
Although Scheimpﬂug camera can provide highly resolved
images, there is a type of distortion due to the refraction at
the various intraocular surfaces (Dubbelman & Van der
Heijde, 2001). Base on the technique for correcting the dis-
torted Scheimpﬂug photography, shapes of the ocular ante-
rior components have been demonstrated in 2D proﬁle by
Dubbelman, Weeber, Van der Heijde, and Volker-Dieben
(2002, 2005, 2006). Recently, a 2D comparative study of
high-resolution MR imaging and corrected Scheimpﬂug
slit-lamp photogram for anterior segment in adults has
shown a signiﬁcant correlation by using second-order poly-
nomial approach (Koretz, Strenk, Strenk, & Semmlow,
2004). However, all these approaches to characterize the
surface shape of ocular anterior segment are mostly ﬁtted
by the parameters obtained from 2D information. In other
words, a 2D conic section of an aspheric surface can not
tell the whole 3D proﬁle of that surface and may result in
a misjudgment to the estimations of lens tilt and decentra-
tion with respect to the corneal axis of a living eye.MR imaging technique has been used to quantitatively
observe the cataractous lens changes (Lizak, Datiles,
Aletras, Kador, & Balaban, 2000), the lens changes
induced by drug (Lerman, 1990), orbital and ocular disease
(Worthington, Wright, Curati, Steiner, & Rizk, 1986), and
the relationship between the ciliary muscle contraction and
lens response with aging (Strenk et al., 1999) in ophthalmic
studies. Extensive studies in lens behavior during accom-
modation by using MRI technique are quite rare compared
to those by using optics or ultrasonography. However, the
advantage of this technique, which has the capability of
3D-image reconstruction and fairly spatial resolution man-
ifest itself to reveal the lens behavior in 3D spatial domain.
The 3D information on or during accommodation should
be able to expend our view in understanding the lens
behavior. Additionally, this unique advantage of MRI over
these other techniques that mentioned above has the capa-
bility to obtain the entire lens shape instead of part of it
that may make it possible to have a more precise estimation
of lens tilt and decentration with respect to the corneal axis.
In other words, more information about causing aberra-
tion that associated with optical misalignment between
the ocular anterior components can be estimated. There-
fore, the MRI technique is useful in this study to measure
the lens tilt and decentration related to corneal axis at a
ﬁxed accommodative state (60 cm). Proper 3D quadric
mathematical models to ﬁt the surfaces of cornea and lens
are applied to fully measure the lens tilt and decentration
related to cornea. In addition to the knowledge of the
quantities of geometrical deviations of lens with respect
to cornea, the 3D information can be an important scheme
for the potential use of the correction to the refractive
error.
2. Methods
2.1. System setup
The major equipment used in this study was a 1.5-T (GE Medical Sys-
tem) MRI system, which was equipped with a commercial 3-in. ocular coil
to acquire the 3D image of cornea and lens under the eye was at 60 cm of
accommodated state. The parameters of MRI were set as: 3D SPGR TR/
TE/Flip angle = 18.6 ms/5.4 ms/25, slab thickness = 3.12 cm, individual
slice thickness = 0.6 mm, ﬁeld of view (FOV) = 4 · 4 cm, pixel
matrix = 128 · 128 zip to 512 · 512, number of average (NEX) = 8, band-
width = 9.62 KHz and frequency encoding along the x-axis. The USA
FDA guideline was always followed for the use of MRI examinations at
VGH: maximum B0 ﬁeld = 1.5 T; change in magnetic ﬁeld with respect
to time (dB/dt) = 23 mT/m or 2.3 G/cm; the absorption of radio frequen-
cy energy for head is <3.2 W/kg, for body <2.0 W/kg; acoustic noise level
was approximately 85 dB.
The subject lay on the examining table of the MRI machine and viewed
the ﬁxation targets from a 45-tilted mirror. The subject was asked to
focus on a target, which is a black cross marked on a transparent acrylic
plate. Two such targets, targets 1 and 2, were placed on a plastic rail with
alignment installed prior to the examination. The subject’s visual axis fell
on the line formed by the cross centres of the two targets. Target 2 was
ﬁxed at the end of the plastic rail at an approximate distance of 65 cm
from the eye. Target 1 was movable and was placed at about 60 cm from
the eye. The cross of target 2 was rotated 45 from target 1 to make it eas-
ier for the subject to form the ﬁxation line. This experimental setup is the
Y. Chang et al. / Vision Research 47 (2007) 71–84 73one widely used for eye ﬁxation in psychophysical tests. A 3-in. ocular coil
was put in front of the eye to acquire images. The subject’s head was held
still by a set of plastic holder with a sponge cushion, in such a way to avoid
head movement during the time of image acquisition. We deﬁne the y-axis
as the cranial–caudal direction (or the superior–inferior direction for
cornea and lens), the x-axis as the left–right hand direction (or the
nasal–temporal site for right eye) on the supine position, and z-axis as
the front–back direction (or the cornea–retina direction).80e2.2. Subjects
Six healthy young students at this Institute were served as subjects.
None of them had any history of eye disease at the time of the tests. Sub-
jects of myopic eyes (up to 6.5 D spherical equivalent) were corrected by
wearing soft contact lens in order to have equal base of visual acuity. Only
right eye was tested. The average age of the subjects was 23.2 ± 1.1, ran-
ged 22–25 years. All the subjects have the experience of psychophysical
visual tests in our laboratory and are able to concentrate on ﬁxing the
eye to a target for at least 5 min which is needed for MR image acquisi-
tion. Retest with the same procedures was carried out one month later
on ﬁve of the six subjects. The experiment followed the tenets of the Dec-
laration of Helsinki and the informed consent was obtained from the sub-
jects after explanation of the nature and possible consequences of the
study.X Data
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Fig. 1. (a) One slice of a MR image is displayed as an example. Of which
only the ocular anterior segment is shown. (b) Boundary (white curve in
the lower image) of the posterior cornea (upper image) is obtained from
Hough Transformation (HT). A small bright spot in the upper image
indicates the convergence of maximal power, which can be expressed as
the apex of the curve. (c and d) are similar to (b) for the anterior and
posterior of lens surfaces, but the image of the posterior lens was inverted
for HT. The scales on the x- and z-axis are relative when HT is applied.
These correct scales are ﬁnally recovered and shown in (e). (e) Three
curves of the ocular anterior segment are put together to show their
relative locations in the plane of the image slice.2.3. Image acquisition and post processing
A total of 44 images were acquired with each individual eye, but only
the central consecutive 10–15 slices containing cornea and lens images
were selected for further data processing. Hough transformation (HT)
was employed to obtain the corneal and lens boundaries (Ballard, 1981;
Castleman, 1996; Cook & Koretz, 1998; Gonzalez & Woods, 1993).
Fig. 1a displays a typical slice of a MRI image in which only the ocular
anterior segment is shown. Fig. 1b–d exhibit the proﬁles of the posterior
cornea, anterior lens and posterior lens, respectively, that obtained from
HT for boundary detection. The image, Fig. 1d, of the posterior lens
was inverted for HT and then the boundary curve was ﬂipped. Fig. 1e dis-
plays the boundaries of the ocular anterior segment in Fig. 1a. All the
extracted corneal and lens curves from each image were smoothed and ﬁt-
ted by algebraic equations in three variables (quadric surfaces) to recon-
struct the 3D conﬁgurations (Gonzalez & Woods, 1993; Jain, 1989). The
posterior corneal surface was used as a reference because most subjects
wore soft contact lens which shielded the image boundary of the actual
anterior corneal surface and rendered the boundary invisible under
MRI. Fig. 2 is an example of a reconstructed 3D graph of cornea and lens.
Fig. 3 shows a 2D diagram, instead of 3D, which represents a general case
to indicate the relative positions of cornea, anterior and posterior lens sur-
faces. In which Caxis, Aaxis and Paxis denote the axes of cornea, anterior
and posterior lens, respectively. /a and /p are the intersection angles of
Caxis–Aaxis and Caxis–Paxis individually. As one can imagine, these axes
may not locate on the same plane in the 3D ocular space. Therefore, coor-
dinate transformations for cornea and lens surfaces are necessary for the
determination of their axial orientations as well as their apex or vertices.
We assumed that the surfaces of the ocular anterior segment can be
expressed by quadric functions. The reason is that many mathematic 2D
models by using quadratic equation had been employed to ﬁt the ocular
anterior components but the outcomes were diﬀerent. These could be
due to their observations were through a 2D image obtained from a conic
section of an aspheric surface, which can not tell the whole proﬁle of a 3D
surface. Thus it becomes naturally and should be adequately to use a 3D
quadric surface model to ﬁt the ocular anterior components.
The following description gives a brief explanation of how the axial
orientation and the coordinate of the corneal apex or lens vertex of a sur-
face are obtained through the linear transformations. Thus, the lens tilt
and decentration related to corneal axis will be determined. Eq. (1) is
the general mathematical expression for a quadric surface in a 3D conﬁg-
uration for cornea and the two lens surfaces.F ðx; y; zÞ ¼ ax2 þ by2 þ cz2 þ 2dxy þ 2exzþ 2fyzþ 2gxþ 2hy þ 2izþ j ¼ 0
ð1Þ
where the coeﬃcients a, b, c, d, e, f, g, h, i and j are real numbers. These
coeﬃcients are obtained through performing a surface ﬁtting software
(TableCurve 3D, V4.0, SYSTAT) with 10 adjustable parameters. By car-
rying out rotation and translation of axes, Eq. (1) can be transformed to
the following standard or canonical form of a quadric surface (Pettofrezzo
& Lacatena, 1970).
Ax2 þ By2 þ Cz2 ¼ k ð2Þ
or
Ax2 þ By2 þ 2Cz ¼ 0 ð3Þ
The details of the above transforms are described in the Appendix A. If
none of the coeﬃcient in Eq. (2) is zero, the quadric surface can be ellip-
soid, hyperboloid or sphere. Eq. (3) can be elliptic paraboloid, hyperbol-
ic paraboloid or paraboloid. Thus the cornea and the two lens surfaces
Fig. 2. A 3D conﬁguration for the posterior cornea, anterior- and
posterior-surface of the lens is shown after the applications of smoothing
and curve ﬁtting. The scale unit of the coordinate is in pixel.
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Fig. 3. The schematic diagram shows the tilting angles (/a and /p) that
formed by the intersections of the axes of the anterior lens surface (Aaxis)
and the posterior lens surface (Paxis) with the corneal axis (Caxis),
respectively. In which points C, A and P represent the corneal apex and
the two vertices of the lens surfaces individually.
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Fig. 4. The schematic diagram shows the decentration of the lens.
Calculation for decentration is described in the text.
74 Y. Chang et al. / Vision Research 47 (2007) 71–84can have their own new coordinate systems which are transformed from
the MRI coordinate system through a characteristic matrix obtained
from Eq. (1). Therefore, the corneal apex or the lens vertices in the
new coordinate can be easily resolved. Consequently, the original coor-
dinates of the corneal apex and the lens vertices in the MRI system
can be determined by performing inverse operation of their individual
characteristic matrix. For the convenience of expressing the relations
of lens tilt and decentration with respect to the corneal axis, the coordi-
nates of the corneal apex and the vertices of the anterior and posterior
lens surfaces in the MRI coordinate system are denoted as (xc,yc,zc),
(xa,ya,za) and (xp,yp,zp), respectively. Since the two axes of the lens sur-
faces may not be necessarily located on the same optic axis, their tilting
angles with respect to corneal axis are denoted by /a and /p as shown in
Fig. 3 individually. The axis of the cornea or the two lens surfaces can be
determined by the following equations.
x xo
F 1ðxo; yo; zoÞ
¼ y  yo
F 2ðxo; yo; zoÞ
¼ z zo
F 3ðxo; yo; zoÞ
ð4Þ
where (xo,yo,zo) generally represents for (xc,yc,zc), (xa,ya,za) or
(xp,yp,zp), and
F 1ðx; y; zÞ ¼ 1
2
oF ðx; y; zÞ
ox
; F 2ðx; y; zÞ ¼ 1
2
oF ðx; y; zÞ
oy
;
F 3ðx; y; zÞ ¼ 1
2
oF ðx; y; zÞ
oz
ð5Þ
It is noted that F1, F2 and F3 are the direction numbers of the tangent
plane to the quadric surface F(x,y,z) at (xo,yo,zo). Thus the intersection
angles /a and /p of Caxis–Aaxis and Caxis–Paxis can be determined by the
equations:cos/a ¼
Caxis
!
Aaxis
!
jCaxisj
!
 jAaxisj
! ¼
F 1c  F 1a þ F 2c  F 2a þ F 3c  F 3aﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
F 21c þ F 22c þ F 23c
q

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
F 21a þ F 22a þ F 23a
q ð6Þ
cos/p ¼
Caxis
!
 P axis
!
jCaxis
!
j  jP axisj
! ¼
F 1c  F 1p þ F 2c  F 2p þ F 3c  F 3pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
F 21c þ F 22c þ F 23c
q

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
F 21p þ F 22p þ F 23p
q ð7Þ
where Caxis
!
, Aaxis
!
and P axis
!
indicate the axes of cornea, anterior lens and
posterior lens, respectively.
We assume that the line passing through the two lens vertices (denoted
as lens
 !
) is also passing through the centre of the lens which locates at the
middle of the line segment lens (It should be noted that the lens
 !
can not be
treated as the actual lens axis since the axes of both lens surface may not
be the same). The magnitude of the lens decentration can be estimated by
calculating the distance from the middle point of the lens to the corneal
axis cornea
 !
.
The coordinate of the middle pointM (or the centre of the lens) of the
lens is (xa þxp
2
;
yaþyp
2
;
zaþzp
2
). Thus the distance d (decentration) between M
and the cornea
!
can be calculated by Eq. (8). Fig. 4 is a schematic diagram
to show the relations mentioned above. The points A, P, C and M repre-
sent the lens anterior vertex, posterior vertex, corneal apex and the centre
of the lens, respectively. The point R is the projection ofM on the cornea
 !
.
For the right triangle DCRM, the length MR (or d) gives
d ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
xaþxp
2
xc
 2
þ yaþ yp
2
 yc
 2
þ zaþ zp
2
 zc
 2


MC
! cornea!
s
ð8Þ
Where the equation for MC
!
is:
x xc
xaþxp
2
 xc
¼ y  ycyaþyp
2
 yc
¼ z zczaþzp
2
 zc
ð9Þ2.4. Calibration
According to the settings of the pulse sequence in this study, an image
of a 4 cm in-length covers approximately 512 pixels (including interpola-
tion) on the tangential (x–z) plane, has a spatial resolution of approximate
0.078 mm. The resolution in the y-axial direction is of 0.6 mm, which is the
distance between two consecutive slices of images. A round glass ball
placed inside a water-enriched-gel-ﬁlled ping-pong ball, 40 mm in diame-
ter, was used as a phantom to examine the accuracy of the MRI machine.
The glass ball does not contain hydrogen atoms, which should have a very
clear image boundary when surrounded by gel. The glass ball has an aver-
age diameter of 16.85 ± 0.03 mm, measured for ten times by a micrometer
which has a precision of 0.01 mm. The same pulse sequence as used in test-
ing subjects was applied to acquire three images of the glass ball to mea-
sure its diameter. The MRI results showed that the measured diameters
were 16.34 ± 0.05 mm in the x-direction and 16.77 ± 0.00 mm in the z-di-
rection, respectively, giving relative errors of 3.03% and 0.47% from
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Fig. 5. The lens decentration for subjects in test (ﬁlled symbols) and retest
(opened symbols) are plotted in a rectangular coordinate but displayed in
a polar form.
Y. Chang et al. / Vision Research 47 (2007) 71–84 75those by the micrometer. In other words, the MRI underestimated the
diameter by 3.03% and 0.47%, respectively, in the x- and z-directions.
The three-time MRI measurement on the glass ball has repeatability
(Mandel & Lashof, 1987) of 0.14 (standard deviation is approximately
0.05 mm) in the x-direction and 0.00 (standard deviation is approximately
0.00 mm) in the z-direction.
2.5. Noise analysis
Contrast-to-noise ratio (CNR) was measured for Region of Interest
(ROIs) in each MRI image of the lens. The deﬁnition of CNR given below
follows the report of Lizak et al. (2000).
CNR ¼ IROI  IRef
N
ð10Þ
where IROI is the average intensity in the ROI, IRef is the average intensity
in the reference region (aqueous for anterior surface and vitreous for pos-
terior cortex), and N is the root-mean-square noise in the image. The way
of evaluation for N was through the calculation of the root-mean-square
signal intensity within a region of containing only air. Three measures of
intensity at diﬀerent ROIs in the anterior and posterior cortexes and one
measure in nucleus were taken. The average CNR values for nucleus, ante-
rior- and posterior-cortex are, respectively, 4.90 ± 0.92, 4.54 ± 0.91 and
5.03 ± 0.84. For phantom, three randomly chosen gel-ﬁlled areas are tak-
en to obtain the average reference intensity (IRef) and the same way was
applied to the glass ball (IROI). The average CNR value for the phantom
is 5.89 ± 0.21.
3. Results
Table 1 shows the lens tilt and decentration with respect
to the cornea
!
of the test and the retest in the subjects. As
indicated, the presence of the lens tilting directions in sub-
jects reveals the existence of the essential diﬀerences in indi-
viduals. The averages of lens tilts at the anterior surface,
posterior surface and lens decentration are 3.7 ± 2.5,
3.3 ± 1.4 and 0.11 ± 0.07 mm (H), 0.06 ± 0.38 mm (V),
respectively, for test; 2.1 ± 2.4, 1.9 ± 1.8 and 0.02 ±
0.28 mm (H), 0.45 ± 0.28 mm (V) for retest. Signs ‘+’
and ‘’ indicate ‘nasal’ and ‘temporal’ sites on the horizon-
tal meridian or ‘superior’ and ‘inferior’ sites on the vertical
meridian for the directions of decentration. StatisticalTable 1
The tilt and decentration of lens surfaces with reference to corneal axis (corne
!
retest are shown
Subject Test
Tilting angle (direction) Decentration (mm)
/oa /
o
p
LYT 7.0 (nasal-inf) 4.8 (temp-sup) 0.11 (H), 0.20 (V)
LYF 1.6 (nasal-sup) 2.3 (temp-inf) 0.17 (H), 0.32 (V)
HBH 4.3 (nasal-sup) 5.1 (temp-inf) 0.20 (H), 0.19 (V)
JBS 2.0 (nasal-inf) 2.3 (temp-sup) 0.09 (H), 0.25 (V)
JHL 1.2 (nasal-sup) 2.0 (temp-inf) 0.08 (H), 0.62 (V)
CYG 6.0 (temp-inf) 3.2 (nasal-sup) 0.01 (H), 0.33 (V)
Mean ± std 3.7 ± 2.5 3.3 ± 1.4 0.11 ± 0.07 (H), 0.06 ±
Tilting angles /a and /p are revealed in Fig. 4 and described in the text. The ‘d
respect to cornea
!
in the ocular space. The abbreviations of ‘temp’, ‘nasal’, ‘inf’
respectively. In the column of Decentration, ‘+’ represents for the direction of
for the direction of temporal or inferior, respectively.Wilcoxon Signed Ranks test indicates no statistically
signiﬁcant diﬀerence is revealed for the tilts of both lens
surfaces (p(/a) = 0.345, p(/p) = 0.225) and for decentra-
tion (p(H) = 0.343, p(V) = 0.345) between test and retest
in this longitudinal observation. Fig. 5 shows the projec-
tion of the lens centre of each subject onto the perpendicu-
lar plane (may not be the ocular x–y plane) of the corneal
axis at the corneal apex. The corneal apex of each subject is
located at the origin of the coordinate in the plot. Filled
and opened symbols represent test and retest, respectively,
which indicates the positional change of the lens centre in a
period of one month. It is noted that the distances of the
symbols to the origin can be treated as the lens decentra-
tion (see Table 1) but the positions of the symbols
in Fig. 5 are not their original coordinates in the MRI
system.aÞ at accommodated state of 60 cm in the subjects (right eyes) of test and
Retest
Tilting angle (direction) Decentration (mm)
/oa /
o
p
— — —
0.9 (nasal-inf) 1.5 (temp-sup) 0.03 (H), 0.38 (V)
1.3 (temp-inf) 0.7(nasal-temp) 0.44 (H), 0.03 (V)
2.1 (nasal-inf) 2.1 (temp-sup) 0.34 (H), 0.48 (V)
6.1(temp-sup) 4.9(nasal-inf) 0.03 (H), 0.80 (V)
0.0 (—) 0.5 (nasal-inf) 0.00 (H), 0.56 (V)
0.38 (V) 2.1 ± 2.4 1.9 ± 1.8 0.02 ± 0.28 (H)
0.45 ± 0.28 (V)
irection’ indicates the relative tilting direction of the two lens surfaces with
and ‘sup’ mean temporal, nasal, inferior and superior positions of an eye,
nasal or superior in the horizontal (H) or vertical (V) meridian, and ‘’ is
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4.1. The reality of the measurements
It is mentioned in Section 2 that this MRI machine has
demonstrated a reliable performance with acceptable error
(<5%) by examining a phantom. Although the CNRs of
the ocular anterior segment of an eye seem to be lower
than the phantom by approximately 18%, the lowest
CNR (4.54 ± 0.91, the anterior lens surface) is still toler-
ably acceptable. In addition, the averaged goodness of ﬁt
by Eq. (1) with criteria of minimal least square error gives
R2 = 0.999 ± 0.004 should assure the measurements realis-
tically. However, the major limitations of the MRI mea-
surements are probably due to the fact of the artifacts
caused by subjects’ voluntary or natural movements.
For a living tissue or an organ, such as eye, image arti-
facts in MRI are typically attributed to the motion (or
eye movement). Subjects in this study have experiences
with psychophysical experiments in vision, in which rela-
tively long term eye ﬁxation was usually required. It is
known that there are three characteristic eye movements
during ﬁxation: microsaccades (ﬂicks), drift, and high fre-
quency tremor (Yarbus, 1967). Microsaccades have small
movements with a velocity of about 10/s and amplitude
of about 6.1 min of arc (Zuber, Stark, & Cook, 1965),
occurring 2–3 times per second along with a slow eye-drift
to prevent the fading of the retinal image (St-Cyr & Fend-
er, 1969). Slow drift has a velocity of about 1 min/s and
amplitude of about 2–5 min (Ditchburn, 1973). Tremor
has very high frequency of about 90 Hz but with very
small amplitude of up to 40 s of arc (St-Cyr, 1973) which
is smaller than the width of a single cone. The irrelevance
of tremor for vision was conﬁrmed in psychophysical
demonstrations by Packer and Williams (1990). In a
1 h-long eye movements experiment, reported by Nach-
mias (1959), the feature of directed magnitudes of the
components of motion generally shows an inverse rela-
tionship between drifts and microsaccades. Such an
inverse relationship implies that saccades tend to compen-
sate for displacements of the retinal image away from
some optimal locus due to drifts. Steinman, Cunitz, Tim-
berlake, and Herman (1967), Bridgeman and Palca (1980)
and Winterson and Collewijn (1976) suggested that micro-
saccades can be inhibited or suppressed voluntarily for
prolonged periods when subjects are instructed to ‘‘hold’’
their eyes still. The inhibition of microsaccades does not
lead to increase the variability of the eye about its mean
position. Recent study of eye movements in ﬁxation of
a stationary target, reported by Engbert and Kliegl
(2004), indicates that microsaccades can keep eyes’ bal-
ance during ﬁxation. Thus, for microsaccadic eye move-
ment during ﬁxation without ordering ‘‘hold’’ the eye
still, the average deviation from the mean position is
about 0.02 mm in x- or y-axial direction by estimation
(use axial length of an adult eye, which is about 24 mm,
and saccadic amplitude of 6.1 min of arc). This amountof deviation in the x–y ocular plane due to microsaccades
is too small to be detected (or away oﬀ the resolution) by
this MRI machine. Although the mentioned eye move-
ments are realistic in physiological aspect, these factors
should not hurt the measurement in MRI if microsaccadic
eye movement is concerned as major source of an artifact
in this study.
4.2. The eﬀect of the y-axial resolution in the calculation of
lens tilt and decentration
The inherent MRI resolution of 0.6 (±0.3) mm in the y-
axial direction limits the thickness of an image slice. The
size of the adult human lens has a diameter of approxi-
mately 9 mm. Therefore a maximum of 15 slices of images
can be used to reconstruct a 3D proﬁle for lens surfaces. In
this section, we try to understand that how serious the
errors of the lens tilt and decentration can be made by
the MRI machine due to a maximum of ±0.3 mm deviation
in the y-direction. To answer that, some assumptions must
be made: (1) the error is only resulted from the y-coordi-
nate to the coordinate determination for lens vertices and
corneal apex; (2) to simplify the problem, the set of the
direction numbers of the corneal axis is assumed to be
(0,0,1) and the lens vertex is (F1,F2,F3) with no error in
y-direction being made. Thus the actual tilting angle /
for anterior or posterior lens surface with respect to the
cornea
!
can be expressed by the following equation:
cos/ ¼ lens surface
!
 cornea!
j lens surface
!
j  j cornea!j
¼ F 3  1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
F 21 þ F 22 þ F 23
q
 1
ð11Þ
The average depth of anterior chamber and thickness of an
adult crystalline lens in human eye are approximately
3.6 mm and 3.7 mm, respectively, at the relaxed state (Ben-
nett & Rabbets, 1992b). Assuming that there is a maximal
±0.3 mm oﬀ in the y-direction and nearly none in the x-
and z-directions, then the answers of Eq. (11) for anterior
and posterior lens surfaces should give
cos/a ¼
F 3aﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
F 21a þ ðF 2a þ 0:3Þ2 þ F 23a
q ; and
cos/p ¼
F 3pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
F 21p þ ðF 2p þ 0:3Þ2 þ F 23p
q ð12Þ
To make the calculation simple, it is assumed that the cor-
neal apex and the two lens vertices are all aligned on the
same axis, and the direction cosines of the three surfaces
of the ocular anterior segment are all assumed to be
(0,0,1), and the coordinates of the corneal apex and the
lens vertices are (0,0,0), (0,0,3.6) and (0,0,7.3), respectively.
Thus the inherent errors due to ±0.3 mm oﬀ in the y-direc-
tion are
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F 3aﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
F 21a þ ðF 2a þ 0:3Þ2 þ F 23a
q
¼ 3:6ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
02 þ 0:32 þ 3:62
p ;/a ¼ 4:8
cos/p ¼
F 3pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
F 21p þ ðF 2p þ 0:3Þ2 þ F 23p
q
¼ 7:3ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
02 þ 0:32 þ 7:32
p ;/p ¼ 2:4
These are the possibly maximal errors for measuring
lens tilt caused by the deviation in the y-direction during
the MR imaging. Similarly, the maximal error of lens
decentration is 0.3 mm. In our study, the averages of za
(depth of anterior chamber) and zp are approximately
3.85 mm and 7.63 mm (thickness of the lens is about
3.78 mm). ya and yp that referred to yc are about
0.32 mm (F2a) and 0.08 mm (F2p) individually. If we substi-
tute these values into Eq. (12), the tilting angles of the ante-
rior and posterior lens surfaces related to corneal axis turn
9.8 and 3.0, respectively, whereas the y-directional error
has already been counted. If we subtract the hypotheticaly
maximal errors (4.8 and 2.4) from the estimated tilting
angles of the two lens surfaces, /a and /p should be within
the values of 5.0 (9.8–4.8) and 0.6 (3.0–2.4) individu-
ally. However, in the above discussion, not only the relative
tilts of the two lens surfaces with respect to corneal axis are
not considered, but also the tilting relation between the two
lens surfaces is not counted either. According to our mea-
sures of /a and /p, which have average values (test and ret-
est are included) of 2.5 (<5.0) and 3.4 (>0.6),
respectively, imply that the amplitudes of the tilts for the
both lens surface with respect to the corneal axis are not
merely aﬀected by the positional shift of the lens vertices
in the y-direction. The orientation of the lens surfaces in
ranking the lens tilt should play a more important role than
the simply positional shift of the lens vertices. Meanwhile,
the average lens decentration (in horizontal meridian) in
our study, which is 0.02 mm (<0.30 mm), suggests that a
potential displacement of lens is much less than the hypo-
thetical error caused by the insuﬃcient resolution in the
y-direction.
4.3. Comparisons of test and retest
It seems that there have diﬀerences in both lens tilt and
decentration between the two tests within a period of one
month (see Table 1). However, when the surface shapes
and their ﬁtting coeﬃcients are examined (see Table 3), it
is revealed that changes to these factors can cause much
alternation in the measurements of the lens tilt and decen-
tration. For subjects LYF, JBS, JHL and CYG who
showed that not only their ﬁtting coeﬃcients changed,
but also the shape types of their ocular anterior
components were also altered from one type to another(see Table 3). Although the change in shape type in a sub-
ject between two tests can simultaneously happen to any
two of the ocular anterior components (observed in this
study), however, in most cases it does not change. Corneal
shape change (parameters of asphericity) due to accommo-
dation (Buehren, Collins, Loughridge, Carney, & Iskander,
2003; He, Gwiazda, Thorn, Held, & Huang, 2003; Piersci-
onek, Popiolek-Masajada, & Kasprzak, 2001) has already
been addressed previously, but shape-type change has not
been presented yet. Change in shape type is possible due
to the accommodation eﬀorts (mostly come from the con-
traction of the ciliary muscle) that made by subjects in dif-
ferent days could diﬀer even the accommodative state was
maintained. This may exhibit diﬀerent values in the lens tilt
and decentration. From the physiological and biomechan-
ical points of view, an unbalanced force applied to the lens
capsule should cause the lens to tilt. Thus, for a vivid living
tissue with character of deformable structure, such as crys-
talline lens or even cornea, its shape should not be suﬃ-
ciently and essentially described by a single mathematical
model in a time varying domain (parameters can change
with time).
4.4. Comparisons of lens tilt and decentration with other
studies
Since the presence of lens tilt in this study is exhibited by
the anterior and posterior lens surfaces individually, it may
not be adequate to use them to compare with the data of
others. However, if the averaged tilt (2.8 ± 2.0) of the
anterior and posterior lens surfaces relative to the cornea,
test and retest are included, could be reasonably considered
as the total tilt of the lens, then the comparisons of this
study with the related works can be executed. Table 2
reveals the lens tilt and decentration relative to cornea in
humans by using diﬀerent methods. Artal et al. (2001a,
2001b) indicated that typical required values of lens tilt
ranged from 1 to 4 and decentration from 0.5 to 1.5 mm
were noted to compensate various types of aberrations
(astigmatism, coma, and spherical aberration, respective-
ly). The aberration of the internal optics of the eye is calcu-
lated by subtracting the aberration formed by cornea
(measured by corneal topography) from the wave front
aberration of the complete eye. No averaged value for lens
tilt and decentration is available from them. The estimated
range of lens tilt of that study, although no averaged value
is available, seems to be comparable with ours. However,
the data of lens decentration is quite far from all the rest
of the studies, including ours.
The Purkinje image based methods (Dunne et al., 1995;
Dunne, Davies, Mallen, Kirschkamp, & Barry, 2005;
Kirschkamp et al., 2004; Rosales & Marcos, 2006;
Sokolowska & Thorn, 2002) to determine lens tilt and
decentration, shown in Table 2, gave diﬀerent outcomes.
Dunne et al. (1995), and Rosales and Marcos (2006) pre-
sented their lens tilts relative to the corneal axis were in
the range of 2.4–4.9, and 2.8 to 2.87 horizontally,
Table 2
Works of lens tilt and decentration in humans with respect to cornea using various techniques are shown
Author Method No. of
subjects
Accommodative
state
Lens tilt () Lens decentration
(mm)
Dunne et al. (1995) Purkinje images 5 Cyclopeged 2.4–4.9 0.08–0.1
Artal et al. (2001a, 2001b) Wave front detection,
corneal topography and Math model
— — 1–4 0.5–1.5
Sokolowska and Thorn (2002) Purkinje images 14 Distance 0.73 ± 1.74 (H) 0.20 ± 0.09 (H)
2.18 ± 0.87 (V) 0.09 ± 0.06 (V)
Kirschkamp et al. (2004) Optical imaging and ultrasonography 9 Relaxed 0.2 ± 0.8 0.1 ± 0.1
Rosales and Marcos (2006) Purkinje images 17 Cyclopeged 2.80 to 2.87 (H) 0.09–0.45 (H)
2.58 to 1.00 (V) 0.09 to 0.22 (V)
Dunne et al. (2005) Purkinje images 45 — 0.2 ± 1.8 0.1 ± 0.1
Chang et al. MRI 6 60 cm 3.0 ± 2.4 (A) 0.05 ± 0.14 (H)
2.7 ± 1.6 (P) 0.29 ± 0.45 (V)
H and V in the parentheses of columns ‘Lens tilt’ and ‘Lens decentration’ represent horizontal and vertical meridians, respectively, A and P are anterior
and posterior lens surfaces individually. The data for Chang et al. is the average of test and retest.
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lowska and Thorn (2002) gave 0.73–2.18 (mean values
for combined horizontal and vertical deviations). Our lens
tilt (2.8 ± 2.0) seems to be comparable to those obtained
from the measures of wave front aberration and Purkinje
images but far from those obtained by Kirschkamp et al.
(2004) of 0.2 ± 0.8 and Dunne et al. (2005) of 0.2 ± 1.8.
The lens decentration obtained by these Purkinje image
based methods showed very similar to ours data in hori-
zontal but not in vertical. The diﬀerences could be mainly
due to that the deﬁnitions for lens decentration were diﬀer-
ent. In the method of Purkinje images the lens decentration
is generally deﬁned as the perpendicular distance between
the lens tilt axis to the corneal axis. The lens tilt axis is
the line passing through the anterior and posterior poles
of the crystalline lens. In our study, the lens decentration
is deﬁned as the distance from the lens centre to the corneal
axis. The lens centre can be treated as the gravity centre of
the crystalline lens which should be adequate to describe
the lens decentration with respect to the corneal axis.Table 3
Shapes of the ocular anterior segment in the subjects are revealed between tes
Subjects Shape type of ocular anterior segment/(radius, m
Cornea Ante
LYT(1) EP/(7.1)/(—)/(0.91,0.85,82) HB/
LYF(1) EP/(7.3)/(—)/(1.31,1.00,121) EL/(
LYF(2) P/(7.5)/(1.00)/(0.97,0.93,93) EP/(
HBH(1) EP/(7.5)/(—)/(1.24,1.08,120) EP/(
HBH(2) EP/(8.2)/(—)/(2.16,1.86,224) EP/(
JBS(1) EL/(7.5)/(0.88)/(1.12,2.58,0.13)* P/(9
JBS(2) EP/(7.7)/(—)/(1.07,0.97,105) P/(9
JHL(1) EP/(8.3)/(—)/(1.70,1.48,180) P/(1
JHL(2) EP/(8.3)/(—)/(1.05,0.66,103) HB/
CYG(1) EP/(6.8)/(—)/(1.51,1.42,132) P/(8
CYG(2) EP/(7.2)/(—)/(0.97,0.75,88) EP/(
Radius (mean ± std) 7.6 ± 0.5 9.9 ±
(1) and (2) in the column of ‘Subjects’ represent test and retest, respectively. ‘EL
paraboloid, hyperboloid of two sheets, and paraboloid, respectively. The shape
Eq. (3) for each surface of the ocular anterior segment are given in parenthesis a
C for EL and HB (superscripted by *) diﬀer from those of EP and P. Means4.5. The shapes and aspheric parameters of ocular anterior
segment
One of the beneﬁts of the MR imaging technique is that
the entire 3D structure of the ocular anterior segment can
be observed and reconstructed. The 3D shape type of the
ocular anterior components, their radii, asphericity and
the coeﬃcients A, B and C of the standard mathematical
expressions (Eq. (2) or Eq. (3)) for the surfaces are given
in Table 3. The details to determine the surface radius
and associated asphericity parameters are described in
Appendix B. Shapes of ellipsoid (EL), elliptic paraboloid
(EP), hyperboloid (HB) and paraboloid (P) are all possible
to ﬁt the surfaces of the ocular anterior components. How-
ever, as indicated in Table 3, it seems that EP and P are
more favorable to most of the ocular anterior components
rather than the other two types. It should be noted that the
coeﬃcient C in Eq. (2) (for EL and HB) is diﬀerent from
the coeﬃcient C in Eq. (3) (for P and EP). Interestingly
but not surprisingly, the sets of ﬁtting coeﬃcients of anyt and retest
m)/(asphericity Q)/(Eq. (2) or Eq. (3) coeﬃcients, A, B, C )
rior lens Posterior lens
(10.2)/(1.1)/(1.10,0.19,0.11)* EP/(6.2)/(—)/(5.06,3.15,270)
10.2)/(0.76)/(1.08,0.92,0.26)* EP/(5.6)/(—)/(3.24,2.79,228)
10.5)/(—)/(0.98,0.53,119) EP/(6.1)/(—)/(2.83,1.92,197)
8.4)/(—)/(1.37,1.11,146) EP/(6.6)/(—)/(2.87,2.21,242)
9.9)/(—)/(1.17,0.81,140) EP/(6.0)/(—)/(3.49,2.65,250)
.8)/(1.00)/(0.81,0.78,101) EP/(6.6)/(—)/(3.10,2.60,257)
.1)/(1.00)/(0.88,0.84,103) P/(6.7)/(1.00)/(2.62,2.55,223)
2.8)/(1.00)/(0.83,0.80,135) EP/(6.3)/(—)/(2.88,2.06,216)
(11.0)/(1.16)/(1.05,0.94,0.17)* EP/(5.8)/(—)/(3.00,2.49,219)
.8)/(1.00)/(1.39,1.34,157) EP/(5.1)/(—)/(3.92,3.21,242)
8.7)/(—)/(1.40,0.76,137) EP/(5.8)/(—)/(3.44,2.15,209)
1.3 6.1 ± 0.5
’, ‘EP’, ‘HB’ and ‘P’ are abbreviations for shape types of ellipsoid, elliptic
type, radius, asphericity Q and equation coeﬃcients (A, B, C) of Eq. (2) or
nd separated by slash. It is noted that the scales and signs of the coeﬃcient
of radii of the ocular anterior components are also displayed.
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not the same between the test and retest in this longitudinal
study. Moreover, change in shape type is also possible in
any part of the ocular anterior components. According to
our study the anterior lens seems to have more ﬂexibility
than the other two parts to change shape type. This ﬁnding
implies that the ability of shape-type change (not deform-
able ability, but can be related) of the anterior lens surface
may be more versatile than that of the posterior.
It has been clearly described the way of determining the
asphericity Q and the radius r for an aspheric surface in
Appendix B. The values of the radii shown in Table 3 are
obtained by Eq. (B10). Compare the radii obtained by
Eq. (B1) to those estimated by Eq. (B10) for paraboloid,
the former value is higher than the latter by approximately
0.15% in average, which is very close. However, for ellip-
soid the average value of radii obtained by Eq. (B8) or
Eq. (B9) is about 7% less than that estimated by Eq.
(B10). For hyperboloid, the diﬀerence increases to 28%.
The cause of increasing variation between the two methods
associated with the estimation of the radius for an aspheric
surface is that the actual ﬁtting equation for the MRI data
can not be transformed to the form of Eq. (B1). We believe
the criterion that ﬁve points on an aspheric surface which
are closely located to the surface apical region to determine
a spherical radius is suﬃciently accurate. Fig. B-2 shows
the demonstration of how close and consistent of the radius
value is by selecting smaller e (see Appendix B) rather than
an arbitrary chosen with larger e (data are arbitrarily cho-
sen from CGY(1) anterior lens).
5. Conclusions
The lens tilt and decentration relative to the corneal axis
can be determined in 3D space by using MRI technique. In
addition, changes in shape and shape type of the ocular
anterior components are also observed in this longitudinal
study. We suggest that it may not be adequate to describe
the shape for an ocular anterior component by a single
mathematical model in a time varying domain. The advan-
tages of using this technique are that some factual errors
due to the neglect of ocular surface asphericity, lens gradi-
ent refractive index properties, and the eﬀects of pupil size
measured by optical methods can be eliminated. The disad-
vantage is that this technique is not convenient for quanti-
tative measurements for similar studies.
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Appendix A
In this section, we would like to go details about the gen-
eral equation (Eq. (1)) for corneal and lens surfaces in theMRI coordinate system that can be transformed to a
canonical form in the ocular coordinate system (Eqs. (2)
and (3)). By which the lens tilt and decentration due to
accommodative demands can be calculated. The Eq. (1)
in Section 2 is
f ðx; y; zÞ ¼ ax2 þ by2 þ cz2 þ 2dxy þ 2exzþ 2fyz
þ 2gxþ 2hy þ 2izþ j ¼ 0 ðA1Þ
This equation (in the MRI system) can be expressed as the
product of three matrices:
ðx y z 1Þ
a d e g
d b f h
e f c i
g h i 1
0
BBBB@
1
CCCCA
x
y
z
1
0
BBBBBBB@
1
CCCCCCCA
¼ 0 ðA2Þ
The matrix of central importance
D ¼
a d e g
d b f h
e f c i
g h i 1
0
BBBB@
1
CCCCA; ðA3Þ
which deﬁnes the particular quadric being studied, is a real
symmetric matrix. The matrix D is sometimes called the
matrix of the quadric surface. The symmetric matrix D is
also important in the analysis of f(x,y,z).
D ¼
a d e
d b f
e f c
0
B@
1
CA ðA4Þ
That is,
ðx y zÞ
a d e
d b f
e f c
0
B@
1
CA xy
z
0
B@
1
CA ¼ ax2 þ by2 þ cz2 þ 2dxy
þ 2exzþ 2fyz ðA5Þ
The characteristic equation associated with D is
a k d e
d b k f
e f c k

 ¼ 0 ðA6Þ
Where the roots of Eq. (A6) k1, k2, k3 are the eigenvalues of
D. If we consider (l1m1n1)
T, (l2m2n2)
T and (l3m3n3)
T to
represent the eigenvectors associated with k1, k2 and k3,
respectively, the following sets of equations are obtained:
ða k1Þl1 þ dm1 þ en1 ¼ 0
dl1 þ ðb k1Þm1 þ fn1 ¼ 0
el1 þ fm1 þ ðc k1Þn1 ¼ 0
8><
>: ;
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8>dl2 þ ðb k2Þm2 þ fn2 ¼ 0
el2 þ fm2 þ ðc k2Þn2 ¼ 0
<
>: ;
ða k3Þl3 þ dm3 þ en3 ¼ 0
dl3 þ ðb k3Þm3 þ fn3 ¼ 0
el3 þ fm3 þ ðc k3Þn3 ¼ 0
8><
>:
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Eigen values k1, k2, k3 arel1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l21þm21þn21
p m1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l21þm21þn21
p n1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l21þm21þn21
p
 !T
¼ ðcos h11 cos h12 cos h13ÞT
l2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l2
2
þm2
2
þn2
2
p m2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l2
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þm2
2
þn2
2
p n2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l2
2
þm2
2
þn2
2
p
 !T
¼ ðcos h21 cos h22 cos h23ÞT ; and
l3ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l2
3
þm2
3
þn2
3
p m3ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l2
3
þm2
3
þn2
3
p n3ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l2
3
þm2
3
þn2
3
p
 !T
¼ ðcos h31 cos h32 cos h33ÞTrespectively. Therefore, a rotation of axes represented by
the equationsx
y
z
1
0
BBB@
1
CCCA ¼
cos h11 cos h21 cos h31 0
cos h12 cos h22 cos h32 0
cos h13 cos h23 cos h33 0
0 0 0 1
0
BBB@
1
CCCA
x0
y 0
z0
1
0
BBB@
1
CCCA ðA7Þwill transform the equation f(x,y,z) = 0 in old system
(MRI coordinates) to a new system (ocular system) with
a form void the cross product terms x 0y 0, x 0z 0, and y 0z 0.
Where coshij (i, j = 1,2,3) are the directional cosines of
the ocular coordinate system to the MRI system. Substitute
Eq. (A7) to Eq. (A2) with transport for corresponding
terms, the product terms should be diminished in the equa-
tion f(x 0,y 0,z 0) = 0 (ocular system).
ðx0 y0 z0 1Þ
cos h11 cos h12 cos h13 0
cos h21 cos h22 cos h23 0
cos h31 cos h32 cos h33 0
0 0 0 1
0
BBB@
1
CCCA
a d e g
d b f h
e f c i
g h i j
0
BBB@
1
CCCA
cos h11 cos h21 cos h31 0
cos h12 cos h22 cos h32 0
cos h13 cos h23 cos h33 0
0 0 0 1
0
BBB@
1
CCCA
x0
y 0
z0
1
0
BBB@
1
CCCA
¼ f ðx0; y0; z0Þ ¼ 0Here
P3
n¼1 cos
2 hnm ¼ 1 for m = 1, 2, 3; andP3
n¼1 cos hkncosmn ¼ 0 for k5 m. The new function in the
new coordinate system after rotation becomes
f ðx0; y0; z0Þ ¼ a0x02 þ b0y 02 þ c0z02 þ 2g0x0 þ 2h0y0
þ 2i0z0 þ J ¼ 0 ðA8Þ
The Eq. (A8) can be rearranged as:
f ðx0; y0; z0Þ ¼ a0ðx0  aÞ2 þ b0ðy0  bÞ2 þ c0ðz0  cÞ2 þ J 0 ¼ 0
ðA9Þ
Thus Eq. (A9) can be represented by Eq. (A10), which is
the same as the Eq. (2) in the text if c 05 0.
f ðx0; y0; z0Þ ¼ Ax02 þ By 02 þ Cz02 ¼ k: ðA10Þ
If c 0 = 0 in Eq. (A8), then Eq. (A8) can be expressed by Eq.
(A11), which is the Eq. (3) in the text.
f ðx0; y0; z0Þ ¼ a0ðx0  aÞ2 þ b0ðy0  bÞ2 þ 2i0ðz0  cÞ
¼ Ax02 þ By 02 þ Cz0 ¼ 0 ðA11Þ
Here the coordinate of (a,b,c) is the origin in the new coor-
dinate system for a particular surface of the ocular anterior
components after rotation and translation. Once the sur-
face equation of an ocular anterior component is ﬁnally ex-
pressed by the form of Eq. (A10) or Eq. (A11), the shape of
the surface is determined. Also, the apex of the cornea or
the vertex of the lens and their axes are obtained in their
own individual coordinate system. To get the relative lens
tilt and decentration with respect to the corneal axis, the
coordinates of the corneal apex or the vertices of the lens
surfaces and their axes have to be transformed back to
the MRI coordinate system by doing inverse transforma-
tion. The following procedure (translation is omitted) de-
scribes how it works. Assuming that the vertex (a 0,b 0,c 0)
and any point on the axis of the surface in this particular
coordinate system is found through the above-mentioned
method and with transform matrix for rotation of
cos h011 cos h
0
21 cos h
0
31 0
cos h012 cos h
0
22 cos h
0
32 0
cos h013 cos h
0
23 cos h
0
33 0
0 0 0 1
0
BBB@
1
CCCA;
then the coordinate (a00,b00,c00) of this vertex or any point on
the axis of this surface in the MRI system can be obtained
by (A12)
a00
b00
c00
1
0
BBB@
1
CCCA ¼
cos h011 cos h
0
21 cos h
0
31 0
cos h012 cos h
0
22 cos h
0
32 0
cos h013 cos h
0
23 cos h
0
33 0
0 0 0 1
0
BBB@
1
CCCA
T a0
b0
c0
1
0
BBB@
1
CCCA
ðA12Þ
Thus the relationships between cornea and lens are linked
and the consequent calculation for lens tilt and decentra-
tion can be successfully carried out. The latter has already
been detailedly described in the text.
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type of an aspheric surface
B.1. Parameters
Generally, an aspheric surface is assumed to be a rota-
tionally symmetrical surface which can be described
numerically for optical lens design or for anterior corneal
surface (Carney, Mainstone, & Henderson, 1997; Gatinel,
Hoang-Xuan, & Azar, 2001; Lloyd, 1995). The asphericity
Q and the radius of the ocular anterior segment can be
determined by Eq. (B1)
x2 þ y2 þ ð1þ QÞz2 ¼ 2rz ðB1Þ
where the z axis is the axis for the rotationally symmetrical
surface of the conicoid, r is the radius at the surface vertex,
and Q is the asphericity to specify the type of conicoid. For
an ellipsoid with the minor axis in the z direction, Q > 0 (el-
lipse oblate); for a sphere, Q = 0; for an ellipsoid with ma-
jor axis in the z direction, 1 < Q < 0 (ellipse prolate); for a
paraboloid with the axis along the z axis, Q = 1; for a
hyperboloid, Q < 1. Usually the asphericity Q is called
‘conic coeﬃcient’. This asphericity Q is also related to other
common ways of describing a conic section, thus:
e ¼ ð1þ QÞ ¼ ð1 e2Þ ðB2Þ
Where e is the ‘conic constant’ (sometimes called ‘shape
factor’, but one should not be confused with the same ter-
minology which has been commonly used for determining
the optical lens shape q) and e is the ‘eccentricity’ (Kelly
& Straus, 1970). Thus Q = e2 = e  1. However, it is
not applicable to determine the same parameters for an
elliptic paraboloid, which is not a rotationally symmetrical
surface.
In this study, the coeﬃcients of the Eq. (2) or Eq. (3)
determine the surface shape but they are not so ideally
expressed as that of Eq. (B1) since the equation coeﬃcients
A and B may not be equal. Mathematically, the Eq. (A8) in
this study always reaches Eq. (2) but not Eq. (3). To con-
sider the possible imperfect ﬁtting (even R2  0.9999 for
most of the cases), we set a criterion to allow that the
Eq. (3) can be approached, which is:
If A, B > 10 C in Eq. (A8), then let C = 0;
If the absolute value of (A/B  1)<5%, then let the ori-
ginal A and B = (A+B)/2
The surface shape is therefore determined according to
the above criterion and Eq. (2) or Eq. (3). For a parabo-
loid, the Eq. (3) is equated to Eq. (B1), thus the radius
r ¼ C=½ðAþ BÞ=2  0:078 ðmmÞ
Now, for Eq. (2) with A5 B, it can be rewritten as:
x2
k
A
þ y
2
k
B
þ z
2
k
C
¼ 1 ðB3Þ
Eq. (B1) can also be expressed as:
x2 þ y2 þ ð1þ QÞz2  2rz ¼ 0x2 þ y2 þ ð1þ QÞ
	
z2  2rz
1þ Qþ

r
1þ Q
2

¼ r
2
1þ Q
X 2 þ Y 2 þ ð1þ QÞZ2 ¼ r
2
1þ Q
X 2
r2
1þQ
þ Y
2
r2
1þQ
þ Z
2
r2
ð1þQÞ2
¼ 1 ðB4Þ
If we equate Eq. (B3) to Eq. (B4), then
k
A
¼ r
2
1þ Q ;
k
B
¼ r
2
1þ Q ;
k
C
¼ r
2
ð1þ QÞ2
The above relations can generate simultaneous equations
of Eqs. (B5) and (B6); and Eqs.(B6) and (B7):
Ar2 ¼ kð1þ QÞ ðB5Þ
Cr2 ¼ kð1þ QÞ2 ðB6Þ
Br2 ¼ kð1þ QÞ ðB7Þ
Solve the simultaneous equations Eqs. (B6) and (B5), we
shall have
Q ¼ C
A
 1 and r ¼
ﬃﬃﬃﬃﬃﬃ
Ck
p
A
 0:078 ðmmÞ ðB8Þ
For Eqs. (B6) and (B7), we shall have
Q ¼ C
B
 1 and r ¼
ﬃﬃﬃﬃﬃﬃ
Ck
p
B
 0:078 ðmmÞ ðB9Þ
The diﬀerences in Q and r values in Eqs. (B8) and (B9) are
due to the selection of which axis of the rotational–sym-
metrical surface is along the z-axis. Thus the asphericity
Q and the radius r of an aspheric surface can be obtained.
However, to the elliptic paraboloid, there is no adequate
equation to determine Q and r for it. Therefore, we try to
build a reasonable way to estimate the radius for the elliptic
paraboloid and also for the other types of surface shape in
the next section. The latter one is for the comparison with
the way mentioned in this section. The determination of the
Q parameter for the elliptic paraboloid should be the same
as that for the ellipsoid and hyperboloid.
B.2. Radius
The Eq. (1) is a general form for a 3D quadric surface,
thus the surface radius has to be determined by another
way. Eq. (B10) is the equation for a sphere of three vari-
ables in which the four parameters a, b, c and d need to
be determined to estimate the surface radius.
ðx aÞ2 þ ðy  bÞ2 þ ðz cÞ2 ¼ d2 ðB10Þ
where (x,y,z) is the coordinate of any point on the quadric
surface obtained by Eq. (2) or Eq. (3). Coordinate (a,b,c)
and d are the centre and the radius of the sphere, respec-
tively, which are to be determined. Fig. B-1 is a schematic
diagram as an example to explain of how it works. The red
(solid and dash) curves represent the quadric surface of any
ocular component in 3D that obtained from Eq. (2) or Eq.
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Fig. B-2. The plot shows the variation of the calculated radius against e
(unit in pixel) for the anterior lens of subject CYG-1. In order to observe
in detail in a small range, e is started from 1 with step of 1 until 5, then
with step of 5 up to 20.
Z (+)
Y(+)
X(+) 
E D 
C 
B 
A
Fig. B-1. This schematic diagram is to show that an aspheric surface (solid
and dashed red curves) is ﬁtted by a sphere (solid and dashed cyan curves)
at its apical region. Point A is the apical of the aspheric surface. e is the
distance away from point A on its tangent plane (x–y) that we selected to
determine the four points B, C, D, E on the aspheric surface so that the
sphere can pass through. (For interpretation of the references to color in
this ﬁgure legend, the reader is referred to the web version of this paper.)
82 Y. Chang et al. / Vision Research 47 (2007) 71–84(3). Point A is the vertex of the surface, e is the distance
away from point A on its tangent plane that we selected
to determine the four points B, C, D, E on the surface so
that the equation Eq. (B10) of a sphere can pass through.
The e can be any value (in pixel). In this study it is selected
as follows: 5, 10, 20, 30, 40 and 50. The distance between
two adjacent pixels is equal to 0.078 mm (resolution in
the z-axis of the MRI). Assume that the coordinate of
point A is (xo,yo,zo), then the coordinates of B, C, D and
E on the x- and y-axis shall be (xo + e,yo,z), (xo,yo  e,z),
(xo  e,yo,z) and (xo,yo + e,z), respectively. The value of z
can be obtained from Eq. (2) or Eq. (3). Plug these known
values (any four coordinates of points A, B, C, D, E, but
point A must be included) into Eq. (B10) individually, a
simultaneous equation is formed and parameters a, b, c
and d in Eq. (B10) are determined. It should be noted that
the above method can only be applied to a rotationally
symmetrical aspheric surfaces, but not to elliptic parabo-
loid (A5 B in Eq. (3)). To reasonably obtain the radius
for the latter, the coordinates of points B, C, D and E
can be determined by ﬁrstly selecting z = e, then plug it into
Eq. (3). Points B, C, D and E locate on the ellipse
which is the intersection of the plane z = e and the aspher-
ical surface of elliptic paraboloid (Eq. (3)). BD and CE
form the major/minor (or vise versa) axes of the ellipse.
Individual coordinate for B, C, D and E can be obtained
from Eq. (3) which are (xo þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðCeÞ=Ap ,yo, e),
(xo,yo 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðCeÞ=Bp , e), (xo  ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðCeÞ=Ap ,yo, e), (xo,yoþﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðCeÞ=Bp , e), respectively. The constant C in Eq. (3) is anegative real number for elliptic paraboloid. Now here
comes a problem due to that this aspherical surface is not
rotationally symmetric to the axis, which is the z-axis in
Fig. B-1. In other words, the distances of AB, AC, AD
and AE are not equal. Thus it is not possible for a sphere
to contain all the ﬁve points (A,B,C,D,E) on its surface.
Therefore a tradeoﬀ should be made to estimate the radius
of the sphere. A better approach is to imagine that this el-
lipse on the plane z = e degenerates to a circle with radius
r ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃð2CeÞ=ðAþ BÞp or the coordinates for B, C, D and E
become (xo + r,yo, e), (xo,yo  r, e), (xo  r,yo, e),
(xo,yo + r, e), respectively. Following the method men-
tioned above the radius of the elliptic paraboloid is estimat-
ed. Once the radius is determined, Eqs. (B8) and (B9) can
be applied to estimate the Q values for the elliptic parabo-
loid. Fig. B-2 shows the variation of the calculated radius
against e for the anterior lens of CYG-1. In order to ob-
serve the detail variation in a small range, we let e start
from 1 with step of 1 until 5, then with step of 5 and up
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